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Abstract: Consider the following Kirchhoff type problem 



Am = Am'^ ^ 

M > 0, 

u = 0, 


in 1/i, 

in B/i, 
on OMr, 


{V) 


where B^; C R^(7V > 3) is a ball, 2 < q < p < 2* := and a, b, A, p are positive parameters. 
By introducing some new ideas and using the well-known results of the problem [V) in the cases 
of a = /i = 1 and & = 0, we obtain some special kinds of solutions to (V) for all TV > 3 with precise 
expressions on the parameters a, b, A, p, which reveals some new phenomenons of the solutions to 
the problem (V). It is also worth to point out that it seems to be the first time that the solutions of 
(V) can be expressed precisely on the parameters a, 6, A, /i, and our results in dimension four also 
give a partial answer to Neimen’s open problems [J. Differential Equations, 257 (2014), 1168-1193]. 
Furthermore, our results in dimension four seems to be almost “optimal”. 
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1 Introduction 


In this paper, we study the following Kirchhoff type problem 


- a 


b / \Vufdx 

Jn / 


I Am = 


Am« 


-1 


pw 


p-i 


M > 0, 
M = 0, 


in D, 

in D, 
on dfl. 




where D C > 3) is a bounded domain with smooth boundary, 2 < q < p < 2* := 2* is 

the critical Sobolev exponent and a, 6, A, p are positive parameters. 

The elliptic type Kirchhoff problem (Kirchhoff type problem for short) in a domain D C < 

Y < 3) has a nice background in physics. Indeed, such problem is related to the stationary analogue 
of the following model: 

utt — ^a + b J \Vu\'^dx 

M = 0 on do, X (0, T), 
u(x, 0) = uo(x), ut(x,0) = u*(x), 


Am = h{x,u) in X (0,T), 


( 1 . 1 ) 
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where T > 0 is a constant, uo,u* are continuous functions. Such model was first proposed by 
Kirchhoff in 1883 as an extension of the classical D’Alembert’s wave equations for free vibration of 
elastic strings, Kirchhoff’s model takes into account the changes in length of the string produced 
by transverse vibrations. In (CH), u denotes the displacement, the nonlinearity h{x, u) denotes the 
external force and the parameter a denotes the initial tension while the parameter b is related to 
the intrinsic properties of the string (such as Youngs modulus). For more details on the physical 
background of Kirchhoff type problems, we refer the readers to [mn]. 

Under some suitable assumptions on the nonlinearities, the Kirchhoff type problem has a vari¬ 
ational structure in some proper Hilbert spaces. Thus, it is natural to study the Kirchhoff type 
problem by the variational method. However, since the Kirchhoff term —b(fQ \Vu\'^dx)Au is non¬ 
local and u I—)• —b(fQ \'Vu\'^dx)Au is not weakly continuous, a typical difficulty of such problem 
by using the variational method is that the weak limit of the (PS) sequence to the correspond¬ 
ing functional is not trivially to be the weak solution of the equation. In order to overcome this 
difficulty, several methods have been developed (cf. [5] HTJ [TH [HI [H])- Based on these ideas, 
various existence and multiplicity results of nontrivial solutions for the Kirchhoff type problem in 
a domain H C R^(l < N < 3) have been established by the variational method in the litera¬ 
tures, see for example [iiaiiTiiiiiiniiis] and the references therein for the bounded domain and 
and the references therein for the whole space. 

Recently, the Kirchhoff type problem in high dimensions {N > 4) has begun to attract much 
attention. From the view point of calculus of variation, such problem is much more complex and 
difficult since the order of the Kirchhoff type non-local term —b(f^ \Vu\^dx)Au in the correspond¬ 
ing functional is 4, which equals the critical Sobolev exponent 2* in the case of iV = 4 and is 
greater than 2* in the case of iV >5. This fact leads to a big difficulty to obtain the boundedness 
of the {PS) sequence for the corresponding functional. By making some very careful and complex 
analyses on the (PS) sequence, several existence and multiplicity results of nontrivial solutions 
have been established by the variational method in the literatures, see for example [31511131211129] 
and the references therein. Based on the above facts, it is natural to ask: Can we find some other 
simple methods to deal with the Kirchhoff type problem? In this paper, we will introduce some new 
ideas to treat the Kirchhoff type problem {Pa,b,\,ii)-, which seem to be more simple than that of 
variation. Our results will also give the precise expressions of the solutions to {Va,b,\,fj.) on the 
parameters a, 5, A, /i and reveal some new phenomenons of the solutions to {Va,b,\,ti)- 

Our main idea is to establish a relation between solutions of {Va,b,\,ti) and the following equation 
(Pa) by means of a scaling technique: 


r — Alt = au‘^~^ + u^~^, in H, 
< It > 0, in H, 

[ It = 0, on 90. 


This relation can be stated as follows and its proof will be given in Section 2. 
Proposition 1.1 Let Ua be a solution of {Pa) and let 


fa^b,\^fi{e^) '— a 




A 


P-2 
p — q 


+ b 


1-2 

app-^ 


A 


p —4 
p — q 


2 


\VUa\^dx. 


Then {Pa,b,\,ii) has a solution 



if and only if fa,b,\,fi{a) = 1. 


iPc.) 


Remark 1.1 (a) By ProDOsition ll.il we can obtain some special kinds of solutions to {Pa,b,\,fj.) 

with precise expressions on the parameters a, b, A, p by solving the equation fa,b,\,(i{c‘) = 1 
for a. Furthermore, unlike the the variational method, our method does not need to analyse 
the (PS) sequence of the corresponding functional to {Pa,b,\,ti)- 

{b) The proof of Proposition 1 1.1 1 is based upon an idea used in (3 and [25] to respectively treat 
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two kinds of Kirchhoff type problems: 



where 2 < p < 2*. Since the local terms of (O and (IE3I are homogeneous, by using a 
scaling techniques, one can obtain solutions of (O and (lESl) by solving two equations whose 
properties are very clear (cf. dJUS]). Unlike (11.21) and dESI, the local term of is 

inhomogeneous, we need to solve a more difficult equation = 1 to obtain solutions 

of {'Pa,b,\,ii) due to the function \Vua\^dx. 

(c) Our method can also be used to deal with the Kirchhoff type problem with the nonlinearities 
Sr=i where di are constants and 2 < pi < 2* for all i = 1, 2, • • • , n. In this case, in 

order to observe a similar result to ProDOsition ll.il a more complex n-components nonlinear 
system need to be studied. 


According to Proposition 11.11 in order to obtain solutions of {Va,b,\,ti), we need to solve the 
equation fa,b,x,^i{od) = 1 hr K. However, due to the function jVMcpdx, this equation is not easy 
to solve on a general bounded domain H (more reasons will be given in (a) of Remark ITdTll . For 
the sake of demonstrating well our ideas, we mainly consider the problem {'Pa,b,\,p) with H = B/j, 

i.e. 

a + b \Vu\^dx\ Au = , in B^j, 

JMr / 

u > 0, in B^j, 

u = 0, on 9Bfl;, 

where B/j C IR^(iV > 3) is a ball. 

Before we state results, we shall give some notations. Let £{u) := ^||Vu||| 2 (b^) — p 
where || • ||Lr.(B^)(r > 1) is the usual norm in L’'(Bfl;). Then it is easy to see that £{u) is of in 
LIo(Bfl)- Furthermore, positive critical points of £{u) are solutions of (Vo)- Let 

Af := {u G I £'(u)u = 0} 


and define mo := inf^igT^ £(«). Now, our main results in this paper can be stated as follows. 
Theorem 1.1 Let a, 6, A, /i > 0, H = B/j and 2 = q < p <2*. 

(1) {'Pa,b,\,fi) has a radial solution if one of the following four cases holds: 

(i) p > 4 and A < oAi; 

(ii) p = 4, X < aXi and < 1; 

(iii) p = 4, X > aXi and > 1; 

(Hi) p < 4 and X > oAi. 

(2) If 


(j)-2)p\ 4-p 


4 —p 

(p — 2)a\ ^ 


6Ai 


p-2 / 2p 


p-2 


mo 


h 

b - -mo 

p-2 


< 1 


then (Va.b,\,ii) has two radial solutions in the case of p < 4 and X < aXi. 
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Theorem 1.2 Let a, 6, A, /i > 0, fl = Bjj and 2 < q < p < 2*. 

(1) i'Pa,b,x,fj.) has a radial solution if one of the following two cases holds: 

{i) N = 3, p > 4 and {q — l){p + 1) < |; 

{a) N = 3, p = 4, {q — l){p + 1) < I and ji^rnobp~^ < 1. 

(2) If p < 4 and 

2 f ip-2)a \ ~ / 2qmob \ ~ 
{p-2)py{4-p) ) \q-2) 

then has two radial solutions under one of the following two cases: 

(i) 3 < N < 5 and {q — l)(p + 1) < 

(ii) N > 6. 

Theorem 1.3 Let a,b, X, p > 0, LI = B/{ and 2 = q < p = 2*. 

(1) (Pa,b,A,/i) has a radial solution if one of the following five cases holds: 

3 

(i) 0 < A < aAi and f + > 1 m the case N = 3; 

^ 2fi2 

3 

(ii) A > oAi and f + < 1 in the case N = 3; 

liii) 0 < A < oAi and p > bS^ in the case N = 4; 

{iv) A > aAi and p < bS^ in the case N = 4; 

(v) A > oAi in the case N > 5, 

where S > 0 is the usual Sobolev constant given by 

S = inf{||Vu||i 2 (o) I u e ||u||i 2 *(Q) = 1}. 


(2) If 


N-2 


2a 


2p \N-4 


N-4 

N-2 


bXi 


2 N — 2 

ws^- 


bS 2 


< 1 


then {'Pa,b,x,fj.) has two radial solutions in the case 0 < A < aAi and N > 5. 

Theorem 1.4 Let a, 6, A, /i > 0, LI = B/j and 2 < q < p = 2*. 

(1) i'Pa,b,x,fj.) has a radial solution if one of the following two cases holds: 

4 2 

(j) N=3 and a( ^ ) p'^ +bc( ^ ) p'^ < 1, where C = and Aq > 


a constant given in El 
{ii) N = 4 and p > bS^. 

(2) If 




2p \N-4) \N{q-2)) 

then {'Pa,b,x,fj.) has two radial solutions in the case N > 5. 


0 is 
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Remark 1.2 (a) Some existence results of Theorems fTTlfO in the cases = 3,4 have been 

obtained in the literatures, see for example [a m uni m] and the references therein. Com¬ 
paring with these papers, the novelty of Theorems If .1111.41 in the cases TV = 3,4 is that, we 
can precisely give the range of the parameters a, b, A, /r and the solutions founded in Theo¬ 
rems frnio have precise expressions on the parameters a, &, A, ^ due to ProDOsition ll.il 

(&) A new and interesting phenomenon revealed by Theorems 11.11 and 11.31 is that the Kirchhoff 
type problem {Va,b,x,fj.) with q = 2 still has solutions if A > oAi and some further conditions 
hold, which is quite different from the related local problem (Pi,o,a,i) with q = 2, for example 
the well known Brezis-Nirenberg problem. 

(c) In |21j . Neimen obtained the following results by using the variational method: 

Theorem A Let N = A and 2 < q < A. If bS^ < fi < 2bS^ and fl C is strictly 
star-sharped, then Problem {'Pa,b,\,n) has a solution under one of the following three cases: 

(Cl) a > 0, A > 0 is small enough, 

(C2) A > 0, a > 0 is large enough, 

(C3) a > 0, A > 0 and is sufficiently close to . 

Neimen also asked whether that the conditions that p, < 2bS^, 17 C is strictly star-sharped 
and (C1)-(C3) are necessary in Theorem A. In our paper [T3], we give a partial answer to 
Neimen’s open question, where, by using the variational method, it has been proved that the 
conditions that p < 2bS^ and 17 C R^ is strictly star-sharped are not necessary in Theorem A 
if the parameter 6 > 0 is sufficiently small. Now, by Theorem ll.41 we can give another partial 
answer to Neimen’s open question, that is, in the case 17 = Bij the conditions p < 2bS^ and 
(C1)-(C3) are not necessary in Theorem A. 

(d) To the best of our knowledge, Theorems II. 1111.4l in the case N > 5 are totally new. 

Remark 1.3 (a) The proofs of Theorems [TTT][T4] depend heavily on the continuity of the func¬ 

tion fa,b,\,fj,{o:) given in Proposition 11.11 on some intervals of R, which is ensured by the 
assumption 17 = B/j. For a general bounded domain 17, if we can find a continuous curve C 
in the set § on some intervals of R, then fa,b,\,fj.icx) is still continuous on these intervals and 
the proofs of Theorems 1 1.1 HI.41 do work, where § = {{ua,a) | Ua is a solution of (fPc,)}- It 
follows that the answer of Neimen’s open question may be positive since it can be solved by 
finding a continuous curve C in the set S in the case N = A and 2<q<p = 2*=A. However, 
we can only obtain such continuous curve in § in the case A > 3 and 2 = q < p < 2* by the 
Rabinowitz global bifurcation theorem (see more details in Appendix). 

(b) The conditions of Theorems 11.31 and 11.41 in the case N = A seem to be almost “optimal”. 

Indeed, in our paper m. we have shown that aAi — A > 0 and bS^ — p > 0 can not hold 
simultaneously if has a solution in the case q = 2 and {Va,b,\,fj.) has no solution 

in the case bS^ — /r > 0 if a is sufficiently large or A is sufficiently small in the case 2 < q. 
However, we do not know whether the conditions of Theorems ll.3l and ll.4l in the cases N = 3 
and N > 5 are almost “optimal”. 

(c) Theorems II.nil.4l give no information of {'Pa,b,\,)i) for A = oAi in the case q = 2 and bS'^ = p 
in all cases. On the other hand, due to the above (6), {Va.b,\,^i) has no solution even in a 
general bounded domain in the case A = oAi, q = 2 and bS^ = p. 

(d) Due to the Kirchhoff type nonlocal term —b(f^ \Vu\^dx)Au, we can see from Theorems II.ti ¬ 
ll.41 that the Kirchhoff type problem {'Pa,b,\,ti) has two solutions in some cases even 17 = B^;. 
It seems that the branch of solutions to the Kirchhoff type problem {Pa,b,\,fj.) is more complex 
than the related local problem (7^i,o,A,/i)- On the other hand, some concentration behaviors of 
the solutions to {Va,b,\,ti) can be observed by study the properties of the function a(a, b, A, p), 
where a{a, b, A, p) is given by ProDOsition ll.il However, we will not go further in this direction 
in the current paper. 
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Through this paper, o„(l) will always denote the quantities tending towards zero as n —> cx). 


2 Setting of the problem 


In this setion, we first give the proof of ProDOsition ll.il 

Proof of Proposition [T7T1 Let ip = tua- Since Ua is a solution of {Va), it follows that 
—Alp = t{au'pp~^ + u^~^) = at^~‘‘ip‘‘~^ + t^~^ip‘P~^. 

Set . Then V'a./x = is a solution of the following equation: 


g —2 .. 

—Am = a/ip-2n‘^“ 
u > 0, 
u = 0, 




p-i 


in fl, 
in fl, 
on dfl. 




Let if = sipa,fi, then we have 

-(a + &^|Vv?pdx)Av? = si^ + sH j^\'^iPa^^\^d:^{a^x^iplpp^ + ^^1plp^) 

= ^a + s^b J \Vipc,,fi\^dx^ 

Therefore ip = sipa,^L is a solution of {Va,b,\,ti) if and only if (s, a) satisfies the following system: 

: + s^6 J \Vipa^fi\'^dx^ = A, 

(^a + sHjjV^a.J^dxy^-P = l, 

which is equivalent to that (s,q:) satisfies the following system: 


g-2 P-2 q-2 P-4 

a/ip^2 \ p-1 /app-^ \ p~'> 


\ A 


‘‘app-^ = A, 


b / \'^ipa,f,\‘^dx = 1. 


So that Pa,b,\,p. = 


fa,b,X,^{pd} — 1. I 




pL^-pUa = ^ Ua is a solution of {'Pa,b.\,fj.) if and only if 


Next we will consider the continuity of fa,b,\,fj,{a) as a function of a on some subset of R. In 
order to do this, let us respectively denote the corresponding functional and the Nehari manifold 
of (pPa) in Hq{V,) by Ia{u) and AAq, that is, 

C(«) = 5l|V«||i,,„, - - hu\\%a) 

and 

No. := {u&Hl{n) \I'^{u)u = Q}. 

Define 

V ■.= {a \ (Va) has a unique solution Ua with Ia(ua) = Wa}, 
where iria '■= infugjv^, Ia(u). Then we have the following. 
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Lemma 2.1 If p < 2* then the function fa,b,\,^.{pL) is continuous on T>. 

Proof. Let ao G V and {a„} C V satisfying = oq + o„(l). By a similar argument used 
in the proof of [H Lemma 5.1], we can see that ma„ = mag + On(l). It follows that {ua„} is 
bounded in Without loss of generality, we may assume that Ua„ weakly in ilo(Sl) 

for some Uag £ Hoi^) as n —>■ oo. It is easy to show that I'agiuag) = 0 in where 

is the dual space of This, together with the Sobolev embedding theorem and the fact that 

Ia„iua„) = 0 in implies that Ua„ = u*ag + On(l) strongly in iLo(n). Since Ua^ > 0 in 

n, by the strong maximum principle, we also have > 0 in SI. Thus, is a solution of {Vag) 
with Iao(u*ag) = mag- Since oq £ V, we must have Uag = Uag in It follows from the 

arbitrariness of ao G V that the function a jVuapda; is continuous on T), which deduces that 

fa,b,\,ti{oL) is continuous on V. | 


Lemma 2.2 If p = 2* then the function fa,b,\,ii{oi) is continuous onDfiT, where T = {a \ ma < 



Proof. Let oq GV r\T and {a„} (ZVf\T satisfying a„ = oq + On(l). Since Ia^{uart) < 
and Ua„ is a solution of ('Pa„), by using standard arguments, we can show that {Ma„} is bounded in 
iLQ(SI). Going if necessary to a subsequence, we can assume that Ua„ u*ag weakly in Hq^^I) for 
some Uag G IIq{Q) as n ^ oo. Clearly, Iag{u%g) = 0 in II~^{Q). The strong maximum principle 
and the fact that Ua„ > 0 in 12 ensure that Uag > 0 in 12. On the other hand, a similar argument 
in the proof of m Lemma 5.1] also gives that ma„ = mag + o„(l). Note that «„ = oq + Ori(l) 
and mag < we can use the Brezis-Lieb Lemma and the Sobolev embedding theorem in a 

standard way to show that Ua„ = + o„(l) strongly in iLg(12). Therefore, is a solution 

of (Pao) with lagiuag) = mag- Since ao £ P, we must have Uag = Uag in H^(Vt). Thus, we 
have proved that the function a >—>■ iVual^dx is continuous onV nJ- and so that fa,b,\,n(a) is 
continuous on POP. | 


3 The existence of solutions 

In this section, with the help of Proposition 11.11 we will give the proofs of our results on the 
existence of solutions to {'Pa,b,x.fi) in the case of 12 = B/j. 

3.1 The case of 2 = q < p < 2* 

It is well-known that (0,Ai) C P in this case and Ua is radial (cf. [H]). In order to apply 
ProDOsition ll.il we need the following lemma. 

Lemma 3.1 It holds that limQ,-|-Ai \Vua\'^dx = 0 and IutIq^o \Vua\^dx = 

Proof. We first prove the former. Suppose that On t as n —>■ oo, then by a similar argument 
used in the proof of [H Lemma 5.2], we can see that ma„ f m\-g as n —> oo. It follows from a 
standard argument that {ua„} is bounded in iLQ(Bfl). Without loss of generality, we may assume 
that Ua„ mai weakly in for some ux-^ G Hq(Rji) as n —>■ oo. Similarly as in the proof 

of Lemma O we obtain that Ua„ = mai + o„(l) strongly in iLQ(Bi^) and ux^ is a solution of 
(Pai) if uxi 7 ^ 0. Note that (PaJ has no solution, so we must have ux^ = 0, which means that 
lima^Ai /r^ \S/Ua\'^dx = 0. To prove the later, let us assume that J, 0 as n ^ oo. Similarly as in 
the above, we can imply that Mo,„ = “o + On(l) strongly in where uq is the ground state 

solution of (Po), so that limo, 4 ,o \ Vua\'^dx = | 

With Lemma l3.11 in hands, we can give the proof of Theorem ll.il 
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Proof of Theorem 11.11 By Lemma ixn we have 


if p < 4, 


0:4-0 


2p 

P-2 

0 , 


mobfj, , if p = 4, 
if p > 4 


and 

lim 

atAi A 

It follows from Lemma O that fa,b.\,fj.{ct) = 1 has a solution oq > 0 under one of the following 
four cases: 

(i) p > 4 and A < aAi; 

{ii) p = 4, A < aAi and < 1; 

{in) p = 4, A > oAi and > 1; 

{in) p < 4 and A > aAi. 

Furthermore, a similar argument used in the proof of [H Lemma 5.2] shows that rria < mg for all 
a G (0, Ai). It follows from the Holder inequality that 


/ \S7ua\'^dx < Ai 

JMfi 

which implies that 


f 2p \p 2p r 11 /II 1 \ 

Too H- mg for all a € (0, Ai 1, 

' P — 2 


p-2 


aa 


fa,b,\,fi{o!) < — + 5( Ai 


/ 2p 


p-2 


mo 


2p 

p-2- 


T 


p —4 

a \ ~ 


By a direct calculation, we can see that 




under the following condition 


ip - 2)c 

(p-2)pV 4-p 


< 1 , 


where C = Ai 


2p_ 

p-2' 


mg ) + -^^mg. Thus, in the case p < 4 and A < oAi, the equation 


fa,b,x,tj.{ct) = 1 has two solutions 0 < oi < a 2 - By ProDOsition ll.il we complete the proof. | 


3.2 The case of 2 < g < p < 2* 

In this case, it is well-known that (0, -l-oo) C T) and Ua is radial if one of the following two conditions 
holds: 

{i) 3 < iV < 5 and {q - l)(p -k 1) < N/2 (cf. [28]); 

{ii) N >6 (cf. [5]). 
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Proof of Theorem 11.21 By a similar argument used in proof of Lemma 13.11 we also have 
liniQ^o /b^ \ Vua\‘^dx = ^mo, which implies 

{ + oo, if p < 4; 

2p 

- -mobfj,-^, ifp = 4; 

p — 2 

0, ifp>4, 

It is easy to check that lima^+oo/o,b.A,/i(a) = +oo, so that we deduce from Lemma l2.ll that 
fa,b,\,tiict) = 1 has a solution oq > 0 under one of the following two cases: 

(i) N = 3, p > 4 and {q — l)(p + 1) < 3/2; 

{ii) N = 3, p = 4, {q — l)(p + 1) < 3/2 and < 1. 

Furthermore, similarly as in the proof of Theorem ll.il we can see that 




A/(4-p)6Ci 


'"'mV (p - 2)a 


< 1 


under the following condition 


[P - 2)a 
{p-2)p\ 4-p 


(Cl 6)^ < 1, 


where Ci = -^^rriQ. Thus, fa,b,\,ii{ct) = 1 has two solutions 0 < Oi < 0:2 under one of the following 
two cases: 

{i) p<4, 3<N<5 and {q — l)(p + 1) < N/2-, 

(ii) p < 4, N > 6. 

Now, the conclusions of Theorem o follow from Proposition ll.il | 


3.3 The case oi 2 = q < p = 2* 

In this case, it is well-known that (0, Ai) C 'Dr\J' and Ua is radial if TV > 4 and (-jAi, Ai) C VllJ- 
and Ua is radial if = 3 (cf. [31[57])- Similarly as in the previous subsection, we need to establish 
the following lemma before proving Theorem 11.31 

Lemma 3.2 If N = 3 then limQ,^l_)^^ \Vua\^dx = Si; if N > 4 then liinQ, 4 ,o \Vua\'^dx = 
S~ and it holds that lima^i-Ai /b^ \'\/Ua\‘^dx = 0 for all N > 3. 

Proof. We first show that lim^j^i^i^^ {Vual^dx = Si ii N = 3. Indeed, by a direct calculation, 
we have 

i(l -< Ja(iia) < ^55 for iAi<a<Ai. 
o Ai o 4 

Let an I Similarly as in the proof of Lemma l2.21 we can see that Ua„ uq weakly in if,/(B^j) 
for some uq G iLo(Bfl;) as n 00 and I[ . (uq) = 0 in iL“^(B^). Since (Pyi ) has no solution, by 

4^1 4 ^ 

the strong maximum principle, we must have that uq = 0 in Note that Ia„{'^a„) < 

for all n G N, we get from the Sobolev embedding theorem that either 

(а) ||Vu„„||| 2 (B„) = o„(l) or 

(б) II Vuq,,^ ||^2(B„) ~+ Ora(l)' 
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Clearly the case (6) must occur since ^(1 — yy)55 < Ia„{ua„) and a„ i It follows from the 
arbitrariness of {a„} that lim^j^i;^^ \Vua\'^dx = if = 3. 

Next, we shall prove that lima^o \Vua\^dx = in the case TV > 4. In fact, since {Va) has 
no solution for a < 0 and 

1 Q AT 1 AT 

— (1 — —< laiua) < for 0 < Q! < Ai in the case TV > 4, 

Tvv iV “ 

similar arguments used the above show that that if TV > 4 then ||VMa„ = 5^ + o„(l) for 

each sequence {an} satisfying q;„ 4- 0 as n —>■ oo, so that lima io/B^|VMa|2dx = 5f if TV >4. 

Finally, we will prove that lima-i-Aj \'Vua\'^dx = 0. Let an t -^i- By using a similar argument 
in the proof of the first equality above, we reach that Ua^ Uq weakly in for some 

Uq € H{(JBji) as n —>• oo. Since (T^Ai) has no solution, it follows from the strong maximum 
principle that Uq = 0 in Note that a„ t ^ii can see from similar arguments used in 

the proof of [T^l Lemma 5.2] that 

+ ^ all n ^ M. 

Now, it implies from Iai{uai) < and the Sobolev embedding theorem that ||Vua„||| 2 (B^) = 

o„(l), so that linia^Ai \Vua\‘^dx = 0. | 


Proof of Theorem 11.31 By Lemma [XU we can see that 

lim fa,b,\,ti{a) = ^ and lim fa,b,\A^) = t + 

“foi A 4 2/X2 

if TV = 3, 

\iui fa,b,x,p,{a) = and lim a,( a) =— 

at^i y aiO fi 

if TV = 4 and 


lim fa,b,x,t_i{a) =+00 and lim/a,&,A,A.(a) 
aJ'O 


aAi 


if TV > 5. It follows from Lemma [2.21 that fa,b.x,ii{a) = 
following five cases: 


(i) 0 < A < oAi and j 


3 

< 1 in the case TV = 3; 

2fl2 


1 has a solution oq > 0 under one of the 


(ii) A > oAi and j + > 1 in the case TV = 3; 

2/i2 

(in) 0 < A < oAi and /r > bS^ in the case TV = 4; 


(iv) A > oAi and ^ < bS'^ in the case TV = 4; 


(u) A > oAi in the case TV > 5. 

Now, similarly as in the proof of Theorem 11.11 we can see that 


^ f\f{N-A)bC2 
U,b,x,^^^y 2a 



< 1 


under the following condition 


TV- 2 

2fi 


2a 


TV-4 


N-4 
N-2 


{bC2)^ 


< 1, 


2 N — 2 N 

where C 2 = Ai|Bh|n 5 ~ 2 — + . Thus, in the case TV > 5 and 0 < A < aAi, fa,b,x,fi{a) = 1 

has two solutions 0 < Oi < 02 . Therefore, the conclusions of Theorem 11.31 remain true from 
Proposition ll.il | 
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3.4 The case of 2 < g < p = 2* 

In this case, it is well-known that (0,-|-cxd) CL T) ^ T and Ua is radial if > 4 (cf. [TJ |H]) and 
(Ao, -l-oo) dVCT and is radial for some Aq > 0 if iV = 3 (cf. [7]). 

Proof of Theorem 11.41 Bjj using a similar argument in the proof of Lemma 13.21 we can see 
that limQ^o \Vua\‘^dx = in if > 4, which implies 


lim /a,b,A,M 
c<4,o 


(a) 


+ oo, 

5 


if Af > 5; 
if Af = 4. 


For the case of A^ = 3, a similar argument in the proof of Theorem 11.11 shows that \Vua\'^dx < 
N{q^- 2 ) ^^ a > Aq. It follows that 


lim < a 

a4.Ao 



4 

6-9 ,-2 


/re-? 



6-9 9-4 

^6-,^ 


where C 3 = ■ ^ 1 ®®; can easily check that limc^+oo/a.b,A./i(a) = -too, so that, by 

Lemma [mi we get that fa,b,\,ti{o:) = 1 has a solution oq > 0 under one of the following two cases: 


(*) 


N = 3 and a 



4 

6-g 


g-2 



2 

^-<2 g-4 


/i 6 -g 


< 1 ; 


(a) N = 4 and ^ > bS'^. 

Furthermore, similarly as in the proof of Theorem ll.il we can obtain that 


fa,b,\,fi ^A/r 

under the following condition 

N-2 

2 fi 


(2-q)W+29 

( 2 -g)(w- 2 ) / (A^ — 4)6C3 a 


2a 


< 1 


2a 


N-A 


N-4 

N~2 


(C36)~-= < 1 . 


Thus, if A^ > 5, then fa,b,\,ti{oi) = 1 has two solutions 0 < ai < 02 - Now, the conclusions of 
Theorem 11.41 hold from ProDOsition ll.il | 
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5 Appendix 

In this section, we will find special kinds of solutions to {'Pa,b,x,fj.) on a general bounded domain 
n in the case 2 = q < p < 2*. It is well-known that (Va) has a ground state solution if and 
only if a < Ai, where Ai is the first eigenvalue of —A on 11. In order to apply ProDOsition ll.il 
we will observe some bifurcation results of Ua- We believe that our observations are not new but 
since we could not find any convenient reference, we give their proofs below by Rabinowitz’s global 
bifurcation theorem. 

Lemma 5.1 There exists Xq € (0,Ai) such thatua is the unique ground state solution of (Va) for 
a C (Ao, Ai). 
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Proof. Suppose a„ t as n —>■ oo and Ua„ is a ground state solution of Similarly as in 

the proof of Lemma 13.11 we obtain that Ua^ —>■ 0 strongly in HQ{fl) as n ^ oo. Thus, {(uQ,,a)} are 
nontrivial branches of solutions to (Va) bifurcated from the trivial branch of solutions {( 0 ,a)} of 
(Va) at (0, Ai). In particular, {(MQ,a)} is also a nontrivial branch of solutions to (Va) bifurcated 
from the trivial branch {(0,a)} of (P^) at (0, Ai). Note that Ai is the principal eigenvalue of the 
linearized equation of (Pq) at 0. Hence, there is a unique continuous branch of solutions for (Pa) 
bifurcated from the trivial branch of solutions {(0, a)} of (Pa) at (0, Ai) near Ai, say a G (Ao,Ai) 
for some Aq > 0. It follows that {(wq,q;)} is the unique continuous branch of solutions for (Pa) 
bifurcated from the trivial branch of solutions {(0, a)} of (Pa) at (0, Ai) for a € (Aq, Ai). | 

Lemma 5.2 The interval (0,Ai) is contained in the branch {(uq,,q;)}. Furthermore, for every 
an f 0 as n ^ oo, it holds that Ua„ = uq + o„(l) strongly in where uq is a ground state 

solution of (Pq). 

Proof. Denote C = {(«„,«)} and define Aq = inf{a | (ua,a) G £}. Then it is easy to see that 
—oo < Aq < Aq. We first prove that Aq < 0. Suppose on the contrary, then by a similar argument as 
used in [T^ Lemma 5.2], we can see that rua < rno for all a G (Aq, Ai). It follows that ||Ma||^ 2 (f 2 ) < 

^^^ 0 ^ 1^1^ for all a e (Ao,Ai). Let U = {('u,a) | ||'Ua||^ 2 ^Qj < 1^1^ and a e 

R}, then U is an open set in L^(il) x R, which contains the point (0,Ai). By Lemma [5.11 C is 
a branch bifurcated from the point (0,Ai). Since Ai is the principal eigenvalue of —A on H and 
there is no solution for (Pa) if a > Ai, we must get a contradiction due to Rabinowitz’s global 
bifurcation theorem. Thus, the interval (0,Ai) is contained in the branch C. Now, by a similar 
argument in the proof of m Lemma 5.2], we can see that Ua„ = uq + o„(l) strongly in i7g (D) for 
every 4 - 0 as n ^ oo, where uq is a ground state solution of (Po)- I 

By Lemma [5.21 we obtain a continuous curve in S := {(ua,a) j Uq, is a solution of (Pa)}, so 
that we can get the kinds of solutions described in Proposition 11.11 bv using similar arguments in 
the proof of Theorem B.il 
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